Using a rapidly convergent composite basis of Frankowski-Pekeris and Frankowski functions, we have accurately calculated the nodal surfaces of low-lying excited states of the helium atom to investigate Bressanini and Reynolds' conjecture ͓D. Bressanini and P. J. Reynolds, Phys. Rev. Lett. 95, 110201 ͑2005͔͒ that these nodal surfaces are rigorously independent of the interelectronic angle 12 . We find that in fact there is a slight dependence of the nodal surfaces on 12 , but it is so small that the assumption of strict independence may well yield extremely useful approximations in fixed-node quantum Monte Carlo calculations. We explain how Kato's cusp conditions determine the qualitative features of these nodal surfaces, which can accurately be modeled using the familiar ansatz of a symmetric or antisymmetric linear combination of products of hydrogenic orbitals, with some adjustments of the parameters. We explain why a similar near independence of the nodal surfaces on the angular variables can be expected for the ground and singly excited states of the lithium atom, but generally not for larger atoms. The fixed-node diffusion quantum Monte Carlo method ͑FN-DMC͒ ͓1,2͔ uses a trial wave function as a starting point for calculating the exact eigenenergies of a given system. In principle, the accuracy of this method is limited only by the accuracy of the nodes of the trial wave function . However, exactly determining the nodes of an exact solution of the N-body Schrödinger wave equation for an excited state of a bosonic system, or even the ground state of a fermionic system with N ജ 3, has long been elusive.
The fixed-node diffusion quantum Monte Carlo method ͑FN-DMC͒ ͓1,2͔ uses a trial wave function as a starting point for calculating the exact eigenenergies of a given system. In principle, the accuracy of this method is limited only by the accuracy of the nodes of the trial wave function . However, exactly determining the nodes of an exact solution of the N-body Schrödinger wave equation for an excited state of a bosonic system, or even the ground state of a fermionic system with N ജ 3, has long been elusive.
Recently, Bressanini and Reynolds ͓3͔ examined the nodal surfaces of some low-lying excited states of the helium atom, in particular the 1s2s 2 1 S state and the 1s3s 3 3 S state. For the 2 1 S state, using bases composed of 70 and 203 Hylleraas-type functions, which yield binding energies accurate to 5 or 6 digits, they found that the nodal surface of their approximate wave functions was very nearly independent of the interelectronic angle 12 , and they suggested that in the limit of an infinite complete basis, the nodal surface of the exact wave function of this state would be rigorously independent of 12 . For the 3 3 S state, using a basis of 84 Hylleraas-type functions, they found a nodal surface of qualitatively the same shape, which was also very nearly independent of 12 . Furthermore, they suggested this apparent independence of the nodal surfaces on the interelectronic angle might be useful in addressing the fermion sign problem for many-electron systems.
Since the exact S-state eigenfunctions of the helium atom are extremely complicated functions of the electron-nucleus distances r 1 and r 2 and a third interelectronic coordinate ͑ei-ther r 12 or 12 ͒, it would be surprising if any of the nodal surfaces of these eigenfunctions ͑besides that at r 1 = r 2 , a consequence of spatial antisymmetry under exchange for triplet S states͒ were exactly independent of r 12 or 12 ͓as for the 4 S͑p 3 ͒ states of a three-electron atomic system ͓4͔͒. However, since a singly excited S state of the helium atom is fairly well described in the independent-electron model by a properly ͑anti͒symmetrized linear combination of products of a 1s hydrogenic orbital for the "inner" electron and an ns hydrogenic orbital for the "outer" electron, which yields a ͑1s͒͑ns͒ ± ͑ns͒͑1s͒ function, which depends on r 1 and r 2 but not on r 12 or 12 , it should not be surprising that the nodal surfaces of the exact eigenfunctions of such singly excited S states exhibit only a weak dependence on 12 . Furthermore, definitively distinguishing such a weak dependence of the nodal surfaces on 12 from the conjectured exact independence of 12 requires highly accurate explicitly correlated approximations to the exact excited S-state eigenfunctions of the helium atom.
Although the Hylleraas-type basis functions employed by Bressanini and Reynolds are mathematically complete as their number tends to infinity ͓5͔, expansions in them converge relatively slowly. Composite bases of Frankowski ͑F͒ and Frankowski-Pekeris ͑FP͒ functions ͓6͔, which contain terms that replicate the singularities in the exact nonrelativistic wave functions not only at all three two-particle coalescences ͓7,8͔ but also at the three-particle coalescence ͓9͔, yield much faster pointwise convergence of both the wave function and its first and second derivatives, which we will evaluate in our analysis below. Fig. 1 we present plots of the cuts through the nodal surface of this eigenfunction for various values of 12 , as determined from highly accurate approximations to the wave function obtained from large bases of F and FP functions.
The nodal surface of this state is indeed almost independent of 12 , but there is a very slight dependence on 12 which is most pronounced for r 1 Ӎ r 2 . To illustrate the excellent convergence of our results, we have superposed the nodal surfaces of from bases with 265, 291, and 380 F and FP functions, all of which yield an energy of E = −2.145 974 046 054. . . a.u. Also superposed are the nodal curves of the Hamiltonian term H and the kinetic energy term T, which should coincide exactly with the nodes of if is the exact wave function e , which obeys T e = ͑E − V͒ e . The distances between these nodal surfaces are commensurate with the accuracy of a given wave function ͓12͔. The slight sinusoidal dependence on 12 , shown in Fig. 2 , can be modeled as a variation from constancy about the midpoint 12 = / 2, fitted to the approximate form
Using a multivariate Taylor series analysis to second order, similar to the first-order scheme used in the NewtonRaphson ͓12͔ scheme for finding roots, we find that
, ͑2͒
where v = cos͑ 12 ͒, r 1 = r 2 = r = 1.3712. . ., and
and is the precise wave function. For the 2 1 S state, we find A = −0.003 65 and B = −0.000 35. These values have been confirmed both graphically and by comparison with a leastsquares fit. From the distances between the nodal surfaces of T and and the Kantorovich theorem ͓12͔, we can establish a true bound for the node since the Kantorovich parameter ͓12͔ h 0 Ӷ 1 and consequently the exact node is definitely within the plotting accuracy of the graph shown in Fig. 2 . Note that the value of A depends on the accuracy of ‫ץ‬ / ‫ץ‬v at r, which we find is only −0.000 008 624 6 a.u.
The most precise means of calculating these derivatives is by formally taking partial derivatives of the Schrödinger equation ͓13͔. For the helium atom, these must satisfy the pair of equations
which are evaluated at v =0,⌬r =0. 1s3s 3 3 S state. Spatial antisymmetry under exchange requires that the eigenfunctions of all triplet S states of the helium atom have a nodal plane at r 1 = r 2 , independent of 12 . This is the only nodal surface of the 1s2s 2 3 S state. The 1s3s 3
3 S state has a second nodal surface, qualitatively similar to that of the 1s2s 2 1 S state, illustrated in Fig. 3 , with the nodal surfaces of H and T superposed. Their accuracy was confirmed using composite bases of 265, 380, and 440 F and FP functions, all of which yield an energy of E = −2.068 689 067 472. . . a.u. For the case r 1 =2r and r 2 = r /2, a slight sinusoidal dependence on 12 is observed, which is qualitatively similar to the behavior of Fig. 2 The ratio of Eq. ͑6͒ to Eq. ͑7͒, which is simply z 1 f͑r 1 ,r 2 ,r 12 ͒ z 2 f͑r 2 ,r 1 ,r 12 ͒ = g͑r 1 ,z 1 ͒ g͑r 2 ,z 2 ͒ , ͑8͒
should be independent of the Cartesian coordinates x i and y i , where i =1,2. However, we find that this ratio has small dependences on these Cartesian coordinates, as shown in Fig. 4 . This is shown by transforming the Cartesian coordinates into spherical coordinates and plotting this ratio for specific values of the spherical angles i with one of the angles, i , held constant, while the other angle j varies from 0 to 2. This was done for this 3 P o state using bases composed of 409 and 533 P-symmetry F and FP functions, which yield an energy E = −2.133 164 190 779. . . a.u. If the conjecture were true, Fig. 4 should be flat, but we find that it exhibits a small sinusoidal dependence on the spherical angles 1 and 2 .
The qualitative features of the nodal curves in Figs. 1 and 3 near two-particle coalescences are determined by Kato's electron-nucleus cusp condition ͓7-9͔
where ͗͘ denotes an angular average of over the surface of a small sphere of radius r j centered at r j = 0 and by the associated electron-electron cusp condition for helium S states,
At the electron-electron coalescence ͑r 12 =0͒, where r 1 = r 2 and 12 = 0, the cusp condition ͑10͒ implies that the equation for the nodal surface depends not linearly but quadratically on r 12 . Along a node, the right-hand side of cusp condition ͑9͒ is zero, so at r j = 0 the partial derivative of the nodal surface with respect to r j must also be zero. This explains why the nodal curves for the S states make right angles with the r 1 and r 2 axes, and are independent of 12 at r 1 =0 or r 2 = 0. Hence, Kato's cusp conditions cause the angular dependence of the nodal surface to vanish at the electronelectron coalescence and the two electron-nucleus coalescences.
To model the nodal curve in Fig. 1 , we constructed the simple symmetric function R 1s ͑Z 1 ,r 1 ͒R 2s ͑Z 2 ,r 2 ͒ + R 2s ͑Z 2 ,r 1 ͒R 1s ͑Z 1 ,r 2 ͒, ͑11͒
where R 1s and R 2s are the hydrogenic 1s and 2s radial functions and Z 1 and Z 2 are arbitrary positive parameters, which can be used to mimic unscreened and/or partially screened nuclear charges. If Z 1 = Z and Z 2 = Z − 1, with Z = 2 for the helium atom, ansatz ͑11͒ yields an independent electron formulation, with the "inner" electron seeing an unscreened nuclear charge of Z and the "outer" electron seeing a screened nuclear charge of Z − 1, but such a choice for the pair of charges does not accurately reproduce the nodal curve of the 2 1 S state. The equation of the nodal curve for ansatz ͑11͒ can be solved exactly for arbitrary charges Z 1 and Z 2 : where Z e = ͑2Z 1 − Z 2 ͒ / ͑2Z 2 ͒, p͑r 1 ͒ =2−Z 2 r 1 , and the Lambert W function ͓15͔ is the solution of W͑t͒exp͓W͑t͔͒ = t. Ensuring that the partial derivative of the nodal curve with respect to r 1 is zero, as demanded by Kato's electron-nucleus cusp condition ͑9͒, would require that Z 1 and Z 2 have a common value, which we call Z ef f . Kato's cusp condition in itself would demand that Z ef f = 2. However, the resulting node for Z 1 = Z 2 = 2 in ansatz ͑11͒ is far from the exact node; e.g., for r 1 = r 2 = r ansatz ͑11͒ vanishes at r = 2, far from the exact node at r = 1.3712 in Fig. 1 . We find that for cos͑ 12 ͒ = 0, a good fit to the exact node requires that Z ef f continuously varies from 1.46 ͑at r 1 = r 2 ͒ to 1.55 ͑at r 1 =0 or r 2 =0͒. This discrepancy between the latter and Z = 2 reflects the varying amount of screening by the inner electron of the effective nuclear charge seen by the outer electron, depending on the relative orientation of the two electrons, which is not reflected in the simple independent-electron ansatz ͑11͒.
Proceeding from helium to polyelectronic atoms, the nodal surface of the wave function of the ground state of the lithium atom, with nominal configuration ͑1s͒ 2 ͑2s͒, depends very weakly on the angle between the outer electron and either of the two inner core electrons, and the ͑1s͒ 2 wave function for the two core electrons is nodeless. Hence, the nodal surface of the ground state of the lithium atom depends only very weakly on the associated angular variables ͓16͔. The same should be true to an even greater extent for singly excited S states of lithium with nominal configurations ͑1s͒ 2 ͑ns͒, with n Ͼ 2.
The exact correlated ground-state wave function of the beryllium atom exhibits strong mixing of the configurations ͑1s͒ 2 ͑2s͒ 2 and ͑1s͒ 2 ͑2p͒ 2 , where the former function has no angular dependence but the latter function contains terms proportional to r i · r j = r i r j cos͑ ij ͒. Hence, the nodal surfaces of this wave function must depend noticeably on the angular variables ͓16͔. Similarly, we expect there to be significant angular dependence in the nodal surfaces of the wave functions of larger atoms, which, in the independent-particle model, have two or more electrons in orbitals with the same value of n ജ 2 and, hence, exhibit strong mixing with other configurations with the same value of n but different values of l.
In summary, we have disproved the conjecture that the nodal surfaces of the wave functions of singly excited states of the helium atom ͑besides that of triplet states at r 1 = r 2 ͒ are independent of the interelectronic angle 12 . We have explained why their dependence on 12 is so weak that it might easily be mistaken for independence, and we have explained to what extent analogous behavior of nodal surfaces can be expected in the wave functions of polyelectronic atoms.
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